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Abstract 

o 

fvq . We obtain results for the following question where m > 1 and n > 2 are integers. 

Question. For which continuous functions /: [0, oo) — !■ [0, oo) does there exist a continuous 
function ip: (0, 1) — > (0, oo) such that every C^™ nonnegative solution u{x) of 



(N 
(N 



< 






< -A'"u < f{u) in B2{0)\{0} C 



satisfies 
Ph I u{x) ~ 0{ip{\x\)) as X 



and what is the optimal such ip when one exists? 
Keywords: Isolated singularity; Polyharmonic 

1 Introduction and results 



^ ' In this paper we consider the following question where m > 1 and n > 2 are integers. 

^ : 

QQ , Question 1. For which continuous functions /: [0, oo) — t- [0, oo) does there exist a continuous 

'^ ' function (p: (0, 1) — )■ (0, oo) such that every (7^™ nonnegative solution u{x) of 

i; „-......, . „«.,=.. 

satisfies 

u{x) = 0{ip{\x\)) as x^O (1.2) 

and what is the optimal such ip when one exists? 



2m 



j^ ■ We call a function ip with the above properties a pointwise a priori bound (as x — >■ 0) for C 

nonnegative solutions u{x) of (jl.ip . 

As we shall see, when ip in Question 1 is optimal, the estimate (jl.2p can sometimes be sharpened 
to 

u{x) = o{ip{\x\)) as x ^ 0. 

Remark 1.1. Let 

r^-(n-2) if „>3. 

rW= , 5 .. "J (1-3) 



Since u{x) = r([x|) is a positive solution of — A™u = in i?2(0)\{0}, and hence a positive solution 
of (jl.ip . any pointwise a priori bound 99 for (7^™ nonnegative solutions ti(x) of (jl.ip must be at 
least as large as T, and whenever 93 = F is such a bound it is necessarily an optimal bound. 
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If m > 1 and n > 2 are integers then m and n satisfy one of the following five conditions. 

(i) either m is even or 2m > n; 

(ii) m = 1 and n > 3; 

(iii) m = 1 and n = 2; 

(iv) m > 3 is odd and 2m < n; 

(v) m, > 3 is odd and 2m = n. 

The following three theorems, which we proved in [7], [15], and [14], completely answer Ques- 
tion 1 when m, and n satisfy either (i), (ii), or (iii). Consequently, in this paper, we will only prove 
results dealing with the case that m, and n satisfy either (iv) or (v). 

Theorem 1.1. Suppose m > 1 and n > 2 are integers satisfying (i) and f : [0, oo) -^ [0, oo) is a 
continuous function. Let u{x) be a C^™ nonnegative solution of (|l.ip or, more generally, of 

-A™u>0 in B2(0)\{0} CM''. (1.4) 

Then 

u{x) = 0{T{\x\)) as x^O, (1.5) 

where T is given by (II. 3p . 

Theorem 1.2. Let u{x) be a C^ nonnegative solution of (jl.ip where the integers m and n satisfy 
(ii), (resp. (Hi)), and f: [0, oo) — )• [0, oo) is a continuous function satisfying 

f(t) = 0(r/("-2))^ (^gg^^ jQg(i ^ j(^)) ^ 0(^)^ ^g t^oo. (1.6) 

Then u satisfies (jl.Sp . 



By Remark 11.11 the bound (jl.5p for u in Theorems 11.11 and 11.21 is optimal. 

By the following theorem, the condition (II. 6p on / in Theorem ll.2l for the existence of a pointwise 
bound for u is essentially optimal. 

Theorem 1.3. Suppose m and n are integers satisfying (ii), (resp. (Hi)), and f : [0, oo) -^ [0, oo) 
is a continuous function satisfying 

,1™ ^J!i^ = ^' {^^'p- }}^ ^°^^^ t ^^'^^ = °°) • ^^-^^ 

Then for each continuous function ip: (0,1) — )■ (0, oo) there exists a C^ positive solution u{x) of 
(jl.ip such that 

u{x) / 0{ip{\x\)) as X — )• 0. 

If m and n satisfy (i) , (ii) , or (iii) , then according to Theorems II. 1|, 11.21 and 11.31 either the 
optimal pointwise bound for u is given by (II. 5p or there does not exists a pointwise bound for u, 
(provided we don't allow the rather uninteresting and pathological possibility when m and n satisfy 
(ii), (resp. (iii)), that / satisfies neither p.6j) nor (11. 7p ). 

The situation is very different and more interesting when m and n satisfy (iv) or (v). In this 
case, according to the following results, there are an infinite number of different optimal pointwise 
bounds for u depending on /. 

The following three theorems deal with Question 1 when m and n satisfy (iv). 



Theorem 1.4. Let u{x) he a (7^"* nonnegative solution of (jl.l|) where the integers m and n satisfy 
(iv) and f: [0, oo) -^ [0, oo) is a continuous function satisfying 

f{t) = 0{t^) as t ^ oo 

where 

2m + n — 2 ( 2m + n — 2 , n 

< A < , resp. < A < 



n — 2 \ re — 2 n — 2m 

Then as x ^ 0, 



Am{m — 1) ' 
re — A(re — 2m), 



f \-n\ 4m(m — 1) \ 

[ resp. u[x) = o{\x\ ) where a = — -]. (1-9) 

V ^ ^ ^ VI i 7 n-X n-2m)J ^ ^ 



Let ip: (0,1) — >■ (0,1) he a continuous function satisfying lim (p{r) = 0. Then there exists a C^ 

r-i>0+ 



Since a in ()1.9p is also given by 

A(n - 2) - (2rei + n - 2) , 

we see that a increases from re — 2 to infinity as A increases from "^;^~ to ^_^^ . 

By Remark 11.11 the bound (jl.Sp is optimal and by the following theorem so is the bound (jl.9p . 

Theorem 1.5. Suppose m and n are integers satisfying (iv) and A and a are constants satisfying 

2m + re — 2 , re , 4m(m — 1) , , 

< A < and a = -^ -—. (l-H) 

re — 2 re — 2?re re — A(re — 2rre) 

positive solution u[x) of 

< -A™u < u^ in M"\{0} (1.12) 

such that 

u{x) ^ O {ip{\x\)\x\-'') as x^O. (1.13) 

With regard to Theorem II. 4^ it is natural to ask what happens when A > ^^^ . The answer, 
given by the following theorem, is that the solutions u can be arbitrarily large as x — >■ 0. 

Theorem 1.6. Suppose m and re are integers satisfying (iv) and A > ^^2m '^^ '^ constant. Let 
i-p: (0,1) — > (0, oo) he a continuous function satisfying lim (/^(r) = oo. Then there exists a C°° 

positive solution u{x) of 

< -A'^u < u^ in M"\{0} (1.14) 

such that 

u{x) / 0{lp{\x\)) as X — )• 0. 

The following five theorems deal with Question 1 when m and re satisfy (v). This is the most 
interesting case. 

Theorem 1.7. Let u{x) he a C'^'^ nonnegative solution of (II. ip where the integers m and re satisfy 
(v) and f : [0, oo) — t- [0, oo) is a continuous function satisfying 

f{t) = 0{t^) as t ^ oo 



where 

2n-2 / , 2n-2 

< A < -, resp. X > - 

n — 2 \ n — 2 

Then as x ^ 0, 

n(x) = 0(|x|-('^-2)), (1.15) 

5_ 
x\ 



(resp. u{x) = o(\x\-'^'^-^hog—)Y (1.16) 



By Remark II. 11 the bound (jl.lSp is optimal and by the fohowing theorem so is the bound (J1.16p . 
Theorem 1.8. Suppose m and n are integers satisfying (v) and X is a constant satisfying 

A>^. (1.17) 

n — 2 

Let ip: (0,1) — > (0,1) he a continuous function satisfying hm (p{r) = 0. Then there exists a C°° 

positive solution u{x) of 

< -A'^M < u^ in R"\{0} (1.18) 



such that 



M(x)7^0r^(|x|)|xr("-2)log^^ as x^O. (1.19) 



By the following theorem u{x) may satisfy a pointwise a priori bound even when f{t) grows, as 
t — )• cxD, faster than any power of t. 

Theorem 1.9. Let u{x) he a (7^™ nonnegative solution of (11. ip where the integers m and n satisfy 
(v) and f: [0, oo) -^ [0,oo) is a continuous function satisfying 

log(l + f{t)) = 0{t^) as t ^ oo 

where 

< A < 1. (1.20) 

Then 

( -(n-2) \ 

u{x) = o[\x\ 1-^ as X -^ 0. (1-21) 



By the following theorem, the estimate (|1.2ip in Theorem 11.91 is optimal. 

Theorem 1.10. Suppose m and n are integers satisfying (v) and X is a constant satisfying ()1.20p . 
Let ip: (0,1) — > (0,1) he a continuous function satisfying lim ip(r) = 0. Then there exists a C°° 

positive solution u{x) of 

< -IV^u < e"^ in M"\{0} (1.22) 

such that 

( -(n-2) \ 

u{x) i- O \ip{\x\)\x\~^^^ \ as x^O. (1.23) 

With regard to Theorem 11.91 it is natural to ask what happens when A > 1. The answer, given 
by the following theorem, is that the solutions u can be arbitrarily large as x — )■ 0. 



Theorem 1.11. Suppose m and n are integers satisfying (v) and X > 1 is a constant. Let 
ip: (0,1) — )• (0, oo) be a continuous function satisfying lini f{r) = oo. Then there exists a C°° 

r-5>0+ 

positive solution of 

0<-A'"n<e"^ in M"\{0} (1.24) 

such that 

u{x) j^ 0{ip{\x\)) as x^O. (1.25) 

Theorems 1 1 . 3ffTTTT] are "nonradial" . By this we mean that if one requires the solutions u{x) in 
Question 1 to be radial then, according to the following theorem, which follows immediately from 
[U Lemma 2.4], the complete answer to Question 1 is very different. 

Theorem 1.12. Suppose m > 1 and n > 2 are integers and f : [0, oo) — )■ [0, oo) is a continuous 
function. Let u{x) be a C^^ nonnegative radial solution of p.l|) or, more generally, of 

-A™u >0 in B2{0)\{0} C M.''. 

Then u satisfies 

u{x) = 0{r{\x\)) as x^O (1.26) 

where T is given by (|1.3p . 

By Remark II. 11 the bound ()1.26p for u in Theorem 11.121 is optimal. 

Theorems 11.41 and 11.71 are special cases of much more general results, in which, instead of 
obtaining pointwise upper bounds (when they exist) for u where n is a nonnegative solution of 

< -A""u < (n + 1)^ in B2(0)\{0}, 

we obtain pointwise upper bounds (when they exist) for \D^u\, i = 0, 1, 2, . . . , 2m — 1, where n is a 
nonnegative solution of 

2m-l 

< -A^'u < Y, i\D'u\ + gkix))^" in i?2(0)\{0}, 

A:=0 

where the functions gk{x) tend to infinity as x ^ 0. See Theorems 13.11 and 13.21 in Section [3] for the 
precise statements of these more general results. 

Also estimates for some derivatives of solutions of (jl.ip when m and n satisfy (i) were obtained 
in [7]. 

We next consider the following analog of Question 1 when the singularity is at oo. 

Question 2. For which continuous functions /: [0, oo) -^ [0, oo) does there exist a continuous 
function (/?: (l,oo) -^ (0, oo) such that every C*^*" nonnegative solution v{y) of 

< -A^t; < f{v) in M"\Si/2(0) (1.27) 

satisfies 

v{y) = 0{ip{\y\)) as |y| ^ oo 

and what is the optimal such ip when one exists? 

The TTi-Kelvin transform of a function u{x), x € ^2 C M"'\{0}, is defined by 

v{y) = |x|""^™n(x) where x = y/\y\^. (1-28) 



By direct computation, v{y) satisfies 

A'^viv) = |a;r+2"^A'"n(x). (1.29) 

See [M p. 221] or [HI p. 660]. 

As noted in [7] , an immediate consequence of tliis fact and Tlieorem 11.11 is the following result 
concerning Question 2 when m and n satisfy (i). 

Theorem 1.13. Suppose m > 1 and n > 2 are integers satisfying (i) and f: [0,oo) -^ [0,oo) is a 
continuous function. Let v{y) be a C'^"^ nonnegative solution of (jl.27p or, more generally, of 

-A™t; >0 in M"\Bi/2(0). 

Then 

v{y) = 0{T^{\y\)) as |y| ^ oo, (1.30) 

where 

\2m-2^ ifn>3; 

'logSr, if n = 2. 



^°^(^) 1^2m-2- 



The estimate (fL30]l is optimal because A^Foodyl) = in M"\{0}. 

Using the TTi-Kelvin transform and Theorems 13.11 13. 2|, and 13.31 in Section [3] we will prove in 
Section H] the following three theorems dealing with Question 2, the first of which deals with the 
case that m and n satisfy (iv). 

Theorem 1.14. Let v{y) be a (7^™ nonnegative solution of ()1.27p where the integers m and n 
satisfy (iv) and f : [0, oo) — )■ [0,oo) is a continuous function satisfying 

f{t) = Oit") as t-^oo 

where 

n 
0<cr < 



n — 2m 
Then 

v{y) = 0{\y\') as |y| ^ oo (1.31) 

where 

b= ^rnin-2) ^^^_^^2in-2m)il+aim-l))_ 

n — a{n — 2m) n — a{n — 2m) 

The next two theorems deal with Question 2 when m and n satisfy (v). 

Theorem 1.15. Let v{y) be a (7^™ nonnegative solution of (I1.27P where the integers m and n 
satisfy (v) and f : [0,cx)) -^ [0,oo) is a continuous function satisfying 

f{t) = Oit") as t^oo 

where a > 0. Then 

^(y) = o(|yr"^log5|y|) as |y| ^ oo. 

Theorem 1.16. Let v{y) be a C^"^ nonnegative solution of (jl.27p where the integers m onn satisfy 
{v) and /: [0, oo) — )• [0,oo) is a continuous function satisfying 

log(l + fit)) = O(t^) as t ^ oo 

where < A < 1. Then 

v{y) = o{\y\^-^) as |y| — > oo. 



Theorems ll.l4f[TTT6] are optimal for Question 2 in the same way that Theorems 11.41 11.71 and 
11.91 are optimal for Question 1. For example, according to the following theorem, the bound (jl.3ip 
in Theorem ll.l4l is optimal. We will omit the precise statements and proofs of the other optimality 
results for Theorems 11.1 4ffl .161 

Theorem 1.17. Suppose m and n are integers satisfying (iv) and A and b are constants satisfying 

n , , 2m(n — 2) , ^ 

0<A< and b= -) ^—-. (1.33 

n — 2m n — X[n — 2m) 

Let f. (l,oo) -^ (0, 1) he a continuous function satisfying lim (p{r) = 0. Then there exists a C°° 

r— >oo 

positive solution v{y) of 

< -A'^v < v^ in M"\{0} (1.34) 

such that 

v{y) ^ 0{ip{\y\)\y\') as \y\ ^ oo. (1.35) 

Nonnegative solutions in a punctured neighborhood of the origin in M" — or near a: = cxd via the 
?7i-Kelvin transform — of problems of the form 

- A'^n = f{x, u) or < -A™w < f{x, u) (1.36) 

when / is a nonnegative function have been studied in [21 [3l [U [lOl [TTl [HI [T7] and elsewhere. 

Pointwise estimates at x = oo of solutions u of problems (jl.36p can be crucial for proving 
existence results for entire solutions of (I1.36P which in turn can be used to obtain, via scaling 
methods, existence and estimates of solutions of boundary value problems associated with (jl.36p . 
see e.g. [121 |T3]. An excellent reference for polyharmonic boundary value problems is ^. 

Also, weak solutions of A'^u = /x, where // is a measure on a subset of M", have been studied 
in [UHllS], and removable isolated singularities of A'^u = have been studied in [10]. 

Our proofs rely on a representation formula for (7^"^ nonnegative solutions of ()1.4p which we 
state in Lemma l2. II and which we proved in [7J. Our proofs also require Riesz potential estimates 
as stated, for example, in [8, Lemma 7.12]. 

2 Preliminary Results 

A fundamental solution of A™" in M", where m > 1 and n > 2 are integers, is given by 

' (-l)™]^]^™-", if2<2m<n; (2.1) 

(-l)^]^]^™-", if 3<n< 2m andnisodd; (2.2) 

(-l)t]xl2'"""log--, if 2 < n < 2m and n is even; (2.3) 

\x\ 



$(x) := A < 



where A = A{m, n) is a positive constant whose value may change from line to line throughout this 
entire paper. In the sense of distributions, A"'$ = 5, where 6 is the Dirac mass at the origin in 

M". For X ^ and y ^ x, let 

^{x,y) = ^{x-y)- V ty)lD'^^^) (2.4) 

— ct! 

|a|<2m-3 

be the error in approximating ^{x — y) with the partial sum of degree 2m — 3 of the Taylor series 
of <1> at X. 

The following lemma, which we proved in [7], gives representation formula (12. 6p for nonnegative 
solutions of inequality (j2.5p . 

7 



Lemma 2.1. Let u{x) he a C^™ nonnegative solution of 

-A™u>0 in S2(0)\{0} CM", (2.5) 

where m > 1 and n > 2 are integers. Then J [yp™^^(— A'"n(2/)) dy < oo and 

ly|<i 

u = N + h+ Yl aaD''^ in Bi{0)\{0} (2.6) 

|o|<2m-2 

where aa,\o:\ < 2m — 2, are constants, h G C°°(-Bi(0)) is a solution of 

A™/i = in Bi{0), 

and 

N{x)= / ^(x,y)A'"n(y)dy for x / 0. (2.7) 

l?/l<i 



Lemma 2.2. Suppose f is locally bounded, nonnegative, and measurable in i?i(0)\{0} C M" and 

I |yp"-V(y)^y<oo (2.8) 

l?/l<i 

where m >2 and n>2 are integers, m is odd, and 2m < n. Let 

N{x)= I -^{x,y)f{y)dy for x E M"\{0} (2.9) 

|y|<i 

where ^ is given by (|2.4p . Then N G C^™^^(M"\{0}). Moreover when |/3| < 2m and either 2m = n 
and |/3| 7^ or 2m < n we have 

{D^N){x)= I -{D^^){x-y)f{y)dy + 0{\x\^-''~\^\) for x^O (2.10) 



\y-x\<\x\ 
|2^I<1 


/2 




and when 2m = n we have 






N{x) = A f 

\y-x\<\x 
|2/I<1 


1/2 


f, \x\ 
log 1 1 

V \x-y\ 



/(y)dy + 0(|x|^-") for x / 0. (2.11) 



Proof. Differentiating ()2.4p with respect to x we get 

Df^(x,y) = (D'^$)(x-y)- V ^^^(Z?"+^$)(x) for x y^ and y/x 

|o|<2m-3 

and so by Taylor's theorem apphed to D"^ we have 

|L>f*(x,y)| <C;|yp'"-VP~""'''' for ly| < ^ (2.12) 



where in this proof C = C{m, n, (3) is a positive constant whose value may change from hne to hne. 
Let e G (0, 1) be fixed. Then N = Ni + N2 m. R"\{0} where 



Ni{x)= / -^{x,y)f{y)dy and N2{x) = / -^{x,y)f{y) dy. 

\y\<£ s<\y\<l 



It fohows from (USD and (|2J2]) that iVi G C°°(]R"\S2£(0)) and 

{D^Ni){x)= f -D^^{x,y)f{y)dy for \x\>2e. 



|y|<£ 



Also, by the boundedness of / in Bi{0)\Be{0), N2 G C2™-i(M"\S2e(0)) and for |/3| < 2m we have 
{D^N2){x)= f -D^^{x,y)f{y)dy for |x| > 2e. 

e<|y|<l 

Thus since e G (0, 1) was arbitrary, we have N G C^™~"'^(M"\{0}) and for \/3\ < 2m we have 



{D^N){x)= f -D^^{x,y)f{y)dy for x 7^ 0. 



(2.13) 



|j/l<i 



Case 1. Suppose |/3| < 27Ti and either 2m = n and |/3| 7^ or 2m, < n. Then for < \x\/2 < \y\ we 
have 



E 



-vY 



ai 



D"+^$(x) 



|Q|<2m-3 



|o|<2m-3 

and for < \x\/2 < \y\ and \y — x\ > \x\/2 we have 

\{D'^<^){x -y)\<C\x- y\^^-^-\P\ < C|xp"^-"-l''l < C[yp™-2[^|2-n~|/3 

Thus (USD, (fZT2D and (l2T3]l imply ([2^0]) . 

Case 2. Suppose 2?ti- = n. Then for < \x\/2 < \y\ we have 



E ^^-^i-) 



l<|Q|<2m-3 



<C y |y|H|:c|2-~"-H<C|yl2— 2|2;|2- 

— / J IW I I I — If I II 

l<|a|<2m-3 



and if < \x\/2 < \y\ and |y — x| > \x\/2 then using the fact that | logz] < log4z for z > 1/2 we 
have 



^{x- y) + $(x)l = A 



log 



\x-y\ 



\X\ 



< ^ log 4 



\x -y\ 
\x\ 



fI \|y|/ V fI 

|y[n-2 

< ^fH — ^ max r^"'" log 4(1 +r). 

" |x|"-2 r>l/2 ^ ^ 



Thus (|2TT]1 follows from ([2SD, dZS]), and (f2T2]l . 



D 



Lemma 2.3. Suppose u{x) is a (7^™ nonnegative solution of 

-A'^n>0 m B2(0)\{0}CM" 

where m > 2 and n > 2 are integers, m is odd, and 2m < n. Let {xj}'^i C M" and {rj}^]^ C M 
he sequences such that 

< 4|xj+i| < \xj\ < 1/2 and < rj < \xj\/A. (2.14) 

Define fj : ^2(0) -^ [0, 00) by 

fj(^rj) = \xj\'^"'^'^r^f{y) where y = Xj + rjij and / = -A™n. (2-15) 

Then 

/ fj{r])dr]^0 as j ^ 00 (2.16) 

|»?|<2 

and when |/3| < 2m and either 2m = n and |/3| ^ or 2m < n we have for \(^\ < 1 that 

|»?|<2 

anc? when 2m = n we have for |,^[ < 1 that 



ln-2 



u{x, + rjO < — ^ + ^i + -^ I A (log T^^ fM dii (2.18) 



log^ " " log^ " log 



^J |r;|<2 



where in (j2.17p anc? (J2.18P the constant A depends only on m and n, the constant C is independent 
of ^ and j, the constants Ej are independent of ^, and Ej ^0 as j ^f 00. 

Proof. By Lemma |2. 11 / satisfies (12. Sp and for |/3| < 2m we liave 

{D^u){x) = {D^N){x) + 0(lxp"""l^l) for < |x| < 3/4 (2.19) 



where A'^ is given by ()2.9p . 
If 

|y — xj < |x|/2, |y — Xjj > 2rj, and |x — Xj\ < Vj 

then 

Ix — 2/1 > rj and 2|y[ > |x[ > \xj\ — rj > \xj\/2 

and thus when |/3| < 2m and either 2m, = n and |/3I ^ or 2?7i < n we have 



^ _ y|n-2m+l/3| - n-2m+|/3| - n-2m+|/3|| |2m-2 

wi r^. rj \Xj\ 



and when 2?7i = n we have 



log -^ < log ^^ < 2 . 4-2^-^ log . 
\x — y\ rj \Xj\ 
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Thus by (j2.8p and Lemma 12.21 when |/3| < 2m and either 2m = n and \f3\ ^ or 2m < n we have 

/ |yP'""V(y)'^y 



\y-x,\<2rj J ' •^' 

/■ Af{y)dy Ej C f I _ I . 

- J |a._y|n-2m+|/3| + n-2m+|/3|| |2„_2 + |x,>-2+l/3| ^°^ '^ ^J I < '^J 

\y-Xj\<2rj J ' ^' 

(2.20) 

and when 2m, = n we have 

/ \ 1 I ^ j I 

N{x) <A f flog ^^"j f{y) dy + 2AA^-^ f \yr^f{y) dy /^ + ^ 



\y-Xj\<2rj \|i/-a;'|<|a;'|/2 

logTT C 



rr ■ In— 2 
J I l-^jl 



<A f (logy^)f{y)dy + ej-^^^ + ^-^ for |x-x,|<r,- (2.21) 

J \ \x — y\J \xj\ \^j\ 

\y-Xj\<2rj 

where in ()2.20p and ()2.2ip the constant A depends only on m and n, the constant C is independent 
of X and j, the constants Ej are independent of x, and Ej ^^ as j — )• oo. 
For \ri\ < 2 and y given by (j2.15p we have \xj\ < 2\y\. Thus 

fMdv= I \xj\'"'-'f{y)dy 

|jy|<2 |j/-Xj|<2rj 

<22— 2 I |y|2— 2^(y)^y^o ^g ^.^^ (2.22) 

\y^Xj\<\xj\/2 

because / satisfies (|2.8p . 

If |/3| < 2m and either 2m = n and \f3\ / or 2m, < n then by (|2.20p and (j2.15p we have for 
|^[ < 1 that 

n-2m+\l3\ 

\xj\^-'^+\%D^N)ixj+rjO\ 



\X,\J -'"^ ' ^' J n-2m+\p 

\<2 i 



]\ / J r ■ " '\S — 111"— 2»Tt+|/3 



l'?l<2 

If 2m = n and |C| < 1 then by dMU, (I2J5I1 . and ([2:22]) we have 

log^ logi-ii log L^ J V ^jl? ^1/ 

w w ^J l»?l<2 

Inequalities (l2l7D and (I2J8D now follow from (l2:23l) . (l2:2ip . and (l2J9]l . D 
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Lemma 2.4. Suppose m>2 and n>2 are integers, m is odd, and 2m < n. Let ip: (0, 1) -^ (0, 1) 

im tp[r) = 0. Let {xj}^i C M" he a sequence such that 
40+ 

0<4|xj+il < lxj[ < 1/2 (2.25) 

(2.26) 



he a continuous function such that lim tp[r) = 0. Let {xj}^i C M" he a sequence such that 

r->-0+ 



and 



2,^3 < ^^ where Ej = ^(|xj|). 

Lei {rj}^-^ C M 6e o sequence satisfying 

< r j < [xjj/S. 



(2.27) 



T/zen i/iere exists a positive function u G C°°(M"\{0}) and a positive constant A = A{m,n) such 
that 



0<-A-n<— -i-^ ^n Br^{xj 



A"^n(x) = 



m 



r\|{o}uU^r,(x,) 



and 



u> < 



Ae 



T'^ in BrAxj) if2m<n 



Asi 



V \^jV 



log -^ in Br (xj) if 2m = n. 



(2.28) 
(2.29) 

(2.30) 



Proof. Let f. 



Then 



[0, 1] be a C°° function whose support is i?i(0). Define cpj : M*^ ^> [0, 1] by 

(Pj{y) = ip{ri) where y = Xj + rjrj. (2.31) 



^j{y) dy= ^{riy^j drj = rp 



(2.32) 



where I = f ^{i]) drj > 0. Let 



/ = 2.Mjipj where Mj 



1^ .|2m— 2^n ' 



(2.33) 



Since the functions fj have disjoint supports, / G C°°(M"\{0}) and by (IX?7D . (I02]) . ([05]) . and 
(|2:26]) we have 

« CO ^ 

J \yr-'fiy)dy = E^^- y lyl""'V,(y)dy 



oo 



<22™-2/^M 



.|2m-2 n 



22— 2/^e. <00. 



(2.34) 
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Using the fact that 

\x — Xj\ < Tj < \xj\/5 imphes B^Axj) C B\x\_{x), (2.35) 

2 

we have for 2m < n, x = Xj + rj^, and |,^[ < 1 that 



j \^_y\n~2rrJ ^y)'^y'^ J \^ _ y\n-2m ^J'PM dV 



\y—x\<\x\/2 \y—Xj\<r 



jl^'j 



r 

\v\<i ^ 



n-2m|g_^|l-2m ^(^)^j"^^ 



X 



f ^iv) _^^ 



Ji 'j 



.\2m-2j.n-2m j 1^ _ „|n-2m 



hl<l 



^ J^j u J ■ f f{v)dri 

> r; — where J = nun ' 



X\2m-2j.n-2m |^|^-^ J |^_^|n-2m- 

^ \V\<1 



Similarly, using (I2.35P we have for 2m = n, x = Xj + rjS,, and |^[ < 1 that 
/ ( log -^^)f{y)dy> I ( log -^^AMj^j{y)dy 

J V \x-y\J J V \x-y\J 



\y-x\<\x\/2 \y-Xj\<r. 



4 1 I 
\X.i\ 



- I M°g;r^l^^M^h"^^ 



|»7|<1 



// 2 Ix I 5\ 

^°S 77 1 + log ^^ - log - 99(77) dr] 
V \^-m rj 2) 



\x ■ |"'~2 

|r?|<l 

> -j H^ log — ^! -j 1 ^ log - . 

Thus defining A^ by (j2.9p . where / is given by ()2.33p . it follows from ()2.34p and Lemma 12.21 that 
there exists a positive constant C independent of ^ and j such that if we define n: M"'\{0} ^ M by 

n(x) = iV(x) + C7|x|-(""2) 

then n is a C°° positive solution of 

-A"^n = / in M"\{0} (2.36) 

and for some positive constant A = A{m,,n), u satisfies (|2.30p . 

Also, (12:36]) and (l2:33D imply that u satisfies (12:28]) and ([TM]) . D 

Remark 2.1. Suppose the hypotheses of Lemma 12.41 hold and u is as in Lemma l2.4[ 

Case 1. Suppose 2m < n. Then it fohows from dOSD, (|2:29]) . and (f230]l that n is a C°° positive 
solution of 

< -A"n < IxTn-^ in M"\{0}, A > 0, r E M, 
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provided 



which holds if and only if 



2m,— 2,,," ~ ' -" 



rp . ^ III ^ ry 



|,j,.|2m-2^"-2m 



o\t\ U |(A-l)(2m-2) 
n-\(n-2m) . ^' ' \Xj\^ '^ ' 



-Z -T 



(2.37) 



Case 2. Suppose 2m = n. Then it follows from dOSD, dOS]), and (|230]l that u is a C°° positive 
solution of 

< -A'^u < f{u) in M"\{0}, 

where /: [0, oo) — )• [0, oo) is a nondecreasing continuous function, provided 

I In — 9 n — J \ \ I " 

Pjl" ^r- \ \Xj\ 

If /(n) = n-^, A > 1, then (fOHD holds if and only if 



|n-2 



(2.38) 



log IM > I \±A\ Bz I 



r,- 



■i / ^V'(lxjl)^ 



where a 



(n-2)(A-l) -n 
A ■ 



If /(n) = e" , A > 0, then (IZSHD holds if and only if 



'^{\xj\) , \xj\ f Aih{\xj\) , la;,- 1 



-2 



\ It ■ I" 

\ l-^jl 

Lemma 2.5. Suppose p > 1 and R € (0, 2) are constants and g: M" —^M is defined by 

5 



ff(0 



log 



\v\<R 



\C-v\ 



f{ri)dri 



where f G ^^(^^^(O)), (resp. f G LP{Br{Q))) . Then 

I|5'IIlp(Bh(0)) < C'll/llLi(fiij{0))' ('^^^'SP- ll5llL°°(Bfl(0)) < C'll/llLP(Bij(0)))> 
where C = C{n,p,R) is a positive constant. 



Proof. Define p' by — I — r = 1- Then by Holder's inequality we have 



\9m'd^< 



m<R 



\<B. 



log 



\v\<R 



\^-v\ 



\f{v)\'^'\f{v)\'^'''dv 



d^ 



< 



m<R 



i/p 



W 



\v\<R 



log 1^ _ I j \f{v)\dv 



1/(77)1 dr? 



\M<R 



di 



p/p' 



\f{r])\dr] 



iv\<^^ 



\ri\<B. \\^\<R. 
P 



l°g^^)'^^l 1^(^)1^^ 



<C{n,p,R)i I \f{rj)\ 



drj 



H<R 
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The parenthetical part follows from Holder's inequality. D 

3 Proofs when the singularity is at the origin 

In this section we prove Theorems ll.4Hl.ir] which deal with the case that the singularity is 
at the origin. By scaling and translating u in Theorem 11.41 and using for a in Theorem 11.41 the 
expression (jl.lOp . we see that the following theorem implies Theorem 11.41 

Theorem 3.1. Suppose u{x) is a C"^"^ nonnegative solution of 

2m-l 

< -A^'u < Y, i\D^'^\ + dkf" i^ ^2(0)\{0} C M" (3.1) 

fc=0 
where m > 2 and n > 2 are integers, m is odd, 2m < n, 

n 
n — Zm + K 

and gk'- -B2(0)\{0} — )• [l,oo) is a continuous function. Let 

b = max < 0, max ; — ; — > . (3.3) 

[ o<k<2m~-i n — Xk{n — 2m + k) J 

(i) 7/6 = (i.e. Afc-1 < ^^^^ for all k e {0, 1, 2, . . . , 2m - 1}) and 

gk{x) = 0(|xr("-2+fc)) ^^ ^ ^ Q ^34) 

then for i = 0, 1, . . . , 2m — 1 we have 

(ii) 7/6 > {i.e. 1^ <\k,-l< /^-^l^ for some fco G {0, 1, . . . , 2m - 1}) and 

gk{x) = o{\x\-"'^^'') as x^O (3.5) 

where 

a{i) = [n — 2m + i)6 + (n — 2 + i) 

then for i = 0, 1, . . . , 2m — 1 we have 

\D^u{x)\=o{\x\-'''^^) as x^O. (3.6) 

Remark 3.1. By making only very minor changes in the proof of Theorem 13. II below, one can easily 
verify that part (ii) of Theorem 13.11 remains true if one replaces "little oh" in p.Sp and ()3.6p with 
"big oh". 

Proof of Theorem \3.1\ Since increasing to one those A^ which are less than 1 will not change the 
value of b but will increase the right side of the second inequality in (|3.ip . we can, without loss of 
generality, assume, instead of (13. 2p . the stronger condition that 
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Let b and g^ be as in part (i) (resp. part (ii)) of Theorem l3.11 Suppose for contradiction that part 
(i) (resp. part (ii)) is false. Then there exist i £ {0,1,2, ... , 2m — 1} and a sequence {xj}^^ C M"- 
such that 

< 4|xj+i| < \xj\ < 1/2, 



and 



in— 2+j| 7-)i 



D^u{xj)\ — >■ cxD as j — > oo, 
(resp. limmi\xj\'''-'^\D'u{xj)\ > 0). 



J-I-CO 



Let 



x. 



Ib+l 



Then Xj and r,- satisfy (j2.14p . Let fj be as in Lemma |2.3[ Since 



(3.^ 
(3.^ 



(3.10) 



it foHows from H^TT!]! with |/3| = i and ^ = that 



|(n-2m+i)fe+(n-2+i) 



An—2m+i 

Hence (|3.8p (resp. ()3.9p ) imphes 



Afj{r])dr] 

|»,|n— 2m.+j ' 



|r,|<2 



fj{v)dV 

\n—2m+i 



r?|<2 
/ 



|ry 



T — )• oo as 7 — ;■ oo 



resp. hminf 

j— >-oo J I?] 
l77l<2 



fj{v)dr] 



n—2m+i 



>0 



On the other hand, ([213]) . (fXTTl . and (l2T71l imply for |^| < 1 that 

n 2m— 1 



(\ n ^iii—L 



< 



2m-l 

E 

fc=0 



|2m+n-2 ( Jj_ 



\n-2+k / il 



n~2m+k\ ^k 



n—2m+k 



C>^ 



n—2m+k 



(3.11) 



(3.12) 



+ e 



Afj{r])dr] 

■? ~'~ / |£ _ jjln-2m+k 
|77l<2 



+ |x,r-2+Mf^) 5fc(x,+r,0 



(3.13) 
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But (fXTO|) and ([33]) imply 



n 



\2m+n-2ljl\ x n-(n-2m+fc)Afc 
yl^jl/ _ |„ \{2m+n-2)-Xk{n-2+k) I ^i \ 

i-2+MZ^j I ^' ^'^ 

^ I |(2m+ra-2)-Afe{n-2+fc)+{n-(n-2m+fc)Afc)6 

<1, 

)n—2m+k 
^ |„.|(ra-2m+fc)fe+(n-2+fc) 



and 



n— 2m+fc 
^i \ ^ |„ |(n-2m+fc)fe 

I ) — I -^i I 



Hence by ([33]), (resp. (f33]) ) and (1X131) we have 



2m-l 



/.e)^E(c+/^4P;^)' fo. i«i<i, (3.14) 

^~° \r]\<2 

resp. /, (0 < '£' (., + / ^^f^) '^ for 1^1 < l) • (3.15) 



^==0 H<2 



Since 



/ J^^^^P^<J^^ I Mv)dV for \^\<R<1 



2R<\ri\<2 |r?|<2 

we have by (f33i|l . (resp. (I3l3]) l. and (12^61) that 

Afc 



2m- 1 



«oseUj^+ / |/^fff:;,j tor Ki<fl<i 

where C is independent of ^, j, and i?, (resp. 

/.(e)<E 1^^;^;^+ / |/^|S.J for |e|<i?<i 

where Ej is independent of ^ and R and Cj ^- as j ^ oo). 

It therefore follows from Riesz potential estimates (see O Lemma 7.12] that if the functions fj 
are bounded (resp. tend to zero) in U'{B2r{Q)) for some p > 1 and R € (0, 1] then the functions fj 
are bounded (resp. tend to zero) in L''{Bfi{0)) foic 1 < q < oo and 

1 1 n — Xu(n — 2m -\- k) , 

< min ^ — ^ > by OTH) . 

p q o<fc<2m-i n 
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So starting with (j2.16p and iterating this fact a finite number of times we see that there exists 
-Ro S (0, 1) such that the functions fj are bounded (resp. tend to zero) in L°^{Bfi^{0)) which together 
with (|2.16|) contradicts (j3.1ip (resp. (j3.12p ) and thereby completes the proof of Theorem 13. 1[ D 

Proof of Theorem \1.5[ Define ip: (0, 1) — )■ (0, 1) by 

I n—X{n — 2m) b ] 

ip{r) = max < if {r)P,r ^=^ 2^ (3.16) 



where 

X(n - 2) - (2m + n - 2) , n - X(n - 2m) 

b := — and p := 

n — X[n — 2m) 4m 

are positive by (jl.lip . Let {xj}JLi C M" be a sequence satisfying (|2.25p and (j2.26p . Define Vj > 
by ()2.37p with the greater than sign replaced with an equal sign and with r = 0. Then by ()3.16p 

-A \x-\^+^ 
rj = ^"-A(n-2,n) ' -^ ' ^^^ (3.17) 

V'dxjl)"-^'"-^'") 



Thus by taking a subsequence of j, rj will satisfy (|2.27p . 

Let u be as in Lemma [2. 4[ Then by Case 1 of Remark 12. 11 n is a C°° positive solution of ()1.12p 
and by (fOO]) . dSTT]), (f3T6]l . and (fLTni) we have 

A(n — 2m) (A — l)(n-2m) 

AtpdXjl) ^"-^("-2™)-(/;(|Xj|) «~\(n-2m) 

cX I X -I ) -^ 



|2m-2 \j. .Un-2m)(l+b) 



C7(m,n,A)^(""^-")""^'"'^'"^ 



rf- . In— 2+(n— 2m)6 



\Xj\ 

which implies (J1.13p . D 

Proof of Theorem [LR Define ip: (0, 1) — > (0, 1) by tl'{r) = r^~^. Let {xjjJLi C M" be a sequence 
satisfying (E^H]), (E^S]), and 

I |2,.|(A-l)(2m-2) 

M ^(|xj|)^-i 
where ^ = A(m,n) is as in Lemma l2.4i Let {rj}^^ C M be a sequence satisfying ()2.27p and 



A-^|xj|(^-^)("'-^) < 1 (3.18) 



|™.|2m-2^'^-2m ^'^l Jl^ "^ '' 

Since rj < 1 we see that (j3.18p implies ()2.37p with r = 0. Let u be as in Lemma 12.41 Then by 
(1230)1 and (IXTOll 



u{xj) 



> ip{\xj\) ^ oo as j ^- oo 



ip{\Xj\) 

and by Case 1 of Remark |2.H u is a C°° positive solution of (|1.14p . D 

18 



By scaling and translating u in Theorem II .71 the following theorem implies Theorem 11.71 
Theorem 3.2. Suppose u is a C"^^ nonnegative solution of 

2m-l 



< -A^u < Yj (I^'^^I + dk)^' ^^ ^2(0)\{0} C R"^ 



fc=0 
where m > 2 and n > 2 are integers, m is odd, 2m = n, 

Ao € M, Afc < n/k for k = 1,2, . . . ,n — 1, 
and gk'- -B2(0)\{0} -^ [l,oo) is a continuous function. Let 

Xk{n-2 + k) - (2n-2) 



(3.20) 



(3.21) 



6 = max{0, 6o;^i) • • • )^n-i} where b^ 



n — kXk 
(i) 7/6 = (i.e. Xk < n-2+k f^^ all k G {0,1, ... ,n — 1}) and for k = 0,1, . . . ,n — 1 we have 

5fc(2;) = 0(|x|"("-2+fc)) as x^O (3.22) 

then for i = 0,1, . . . ,n — 1 we have 

\D'u{x)\ = 0{\x\-^''-^+'^) as x^O. 



(ii) If b > and as x ^ we have 



o f |xr("-2) log ^ 
\x\ 



and 



where 



<7fc(x) = o(|xr("-2+^)a(x)-'=) for k = 1,2, . . . ,n - 1 



(3.23) 



(3.24) 



a{x) = min < 



\bo 



logrr 



Ao/n 



, |a^ I , . . . , 



(3.25) 



then as X ^ we have 



u[x) = a \ \x\ ^" ^^ loe 



and 



\D'u{x)\=o{\x\-^''-^+'^a{x)-') for i = 1,2, . . . ,n - 1. 



Proof. Since increasing to one those A^ which are less that one will change neither the value of b nor, 
when 6 > 0, the value of a(x) for x small, but will increase the right side of the second inequality 
in (j3.20p we can, without loss of generality, assume, instead of (j3.2ip . the stronger condition that 



Ao > 1 and 1 < A^ < n/k for fc = 1, 2, . . . , n — 1. 



(3.26) 
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Let b and gk be as in part (i) (resp. part (ii)) of Theorem 13.21 For < |j;| < 1 let a{x) be 
defined by a{x) = j, (resp. by (|3.25p ). Then 

1 / i°g^ A 

log —— = log 4, resp. V^ ^6>0 as x^O] . (3.27) 

a{x) \^ log^ J 

Suppose for contradiction that part (i) (resp. part (ii)) is false. Then there exists i € {0, 1,2,... , 2m— 
1} and a sequence {xj}'^!^ C M" satisfying 

< 4|xj+il < \^j\ < 1/2 and a{xj) < - 
such that 

\x ■|"~'^ 

liminf — - — ^ — u{xj) = oo, (resp. > 0) if i = (3.28) 

limmf\xj\''-^+'aixjyD'u{xj) = oo, (resp. > 0) if i G {1, 2, . . . ,n - 1}. (3.29) 

j-i-oo 

Let rj = \xj\a{xj). Then Xj and rj satisfy ()2.14p . Let fj be as in Lemma 12.31 Since 

T ' 1 

-r-^ = a(xi) = -, (resp. — > as ? — > oo), 
\xj\ ^ J^ 4' V ^ -^ ^' 

and by (f2T8]) and (pTT]) with ^ = 0, 

-^. — ru{xj) < '. — ^ + '^7^ \ — r / ^i^'^S-n] fiiv)dri 



logL-il log^ log- 



and for i € {1, 2, . . . , n — 1} 

|»yl<2 
it follows from (13:28]) and ([3:29]l that 

liminf / ( log -- ) fj(ri) dr] = co, (resp. > 0) if i = 
i->oo J \ \ri\J ' 



\ri\<2 



and 



\V\<2 



(3.30) 



liminf / ^^ dr] = oo, (resp. > 0) if i G {1,2, . . . ,n - 1}. (3.31) 
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On the other hand, (|2l3D . (f3:20D . (f238D . and (121711 imply for [^| < 1 that 



fc=0 



Ao 



<B. 



C 



oj 



log 



I + £,- + 

\Xj\ J 



log- 



A log 



'^' l'7l<2 



\i-v\ 



f^{r^)dv + Go,iO 




+ £,- + 



^/.•(^) 



»7l<2 



where 



[2n-2 / J-j 



Bi 



oi 



1^ I / a(xi) (lo; 



a{xj) 



dv + GkjiO 



Ao/n^ 



Ao 



|xj|*o 






<4^(log4)^% 



resp. 






B, 



kj 



\2n-2 I Jj_ 

\Xj\ 



Go,(0 := 



''"i I I™ .In— 2+A: 
\Xj\J I Jl 

I Irv— 2 I 

7 / j-\ 7 

-go{xj + rjQ- 



a{xj) 
Ixjl^k 



n—kX); 



<1, 



logV^ 



log 



|n-2 
a{xj ) 



GkM) ■■= TT-. 



\n-2+k 



gkixj + VjC) = a{xjr\xj\'' ^-^"gkixj + rj^) 



It follows therefore from ^27\ . ([3221), dS^l]), and ^l4\i that for [^| < 1 we have 



resp. /,(e) < C 



1+ / I log 

|»y|<2 



^1 + 



log 



ie-r?i 

5 



Ao n-1 



fMdv) +E 1 + 



hl<2 



le-^l 



fc=l 



Ao «-l 



|»?|<2 



\C-v\ 



k^V 



Xkl 



fj{v)dv) +Y.(^J + 



k=l 



\V\<2 



fM 
le-^l' 



■dr] 



(3.32) 



(3.33) 



where C is independent of ^ and j,ej is independent of S,, and £j — ?■ as j — )• cx). 

Using an argument very similar to the one used at the end of the proof of Theorem 13.11 to 
show that (j3.14p . (resp. (j3.15p ). leads to a contradiction of (|3.1ip . (resp. (|3.12p ). one can show 
that (I3.32p . (resp. (I3.33P ). leads to a contradiction of (13.281) . (resp. (I3.29P ) — the only significant 
difference being that where we used Riesz potential estimates in the proof of Theorem 13. H we must 
now use Riesz potential estimates and Lemma [231 D 
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Proof of Theorem \1.8[ It follows from (J1.17p that 



(n-2)(A-l)-n 

a := ^^ > 0. (3.34) 

A 



Define V: (0,1) ^ (0,1) and p: (0,1) -^ (0, oo) by 



tpi^r) = niax{Y^(/3(r), r 2(^-1) } (3.35) 

and 

, ^ n r"" , , 

P^"^^ = TT— TIEI (3.36) 

where A = A(m,n) is as in Lemma l2.4[ By (J3.35P 

p{r) < -^r^l\ (3.37) 

Thus there exists a sequence {xj\^^^ C M" satisfying (|2.25p . (|2.26p . and 

e~ > pj := p{\xj\) — 7- as j ^ oo (3.38) 

such that if we define the sequence {rj}^^ by 

\M) = ± log -L (3.39) 

rj ) Pj Pj 

then rj satisfies (H^Z]). By dOOjl . dOSjl . and (l3:36]l we have 

log ^^ = - log — log — 

\pj Pj^ 

> - log — (3.40) 

n Pj 

A /|x,|^"/^ 
= -Pj 



1 |x,f 



n/\ 



(3.41) 



Let u be as in Lemma 12.41 Then by (I3.41|) and Case 2 of Remark 12. 11 u is a C°° positive solution 
of (jl.lSp and by Lemma 12.41 we have 



, , ^■i/'(|Xo|) , \Xi\ 



and by (fOOjl and iKT7}i . 



Thus by (j3.35p we have 



log ^-^^ > - log — > - log \xj\ "/^ 

r j n Pj n \ n 

A /a, 1 , AA 
= - 77 log -^ — r + log 

n \2 \xj\ n 

u(xi) , Xa 

liminf , — ^^4^ — ^ — > A — > 

j^oo y^[^|xj|-("-2)log^ 2n 

from which we obtain (J1.19p . D 
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By scaling u in Theorem 11.91 the following theorem implies Theorem II .91 
Theorem 3.3. Let u{x) be a C^™ nonnegative solution of 

< -A'"n < e"^+3^ in S2(0)\{0} C M" 
where n >2 and m > 2 are integers, m is odd, 2m = n, 

0< A< 1, 
and g: i?2(0)\{0} — )■ [0, oo) is a continuous function such that 

as X — 7> 0. 



g{x) = o \ \x\ 1-^ 



Then 



-("-2) 



^(x) = o I l^l 1-^ 1 as X — 7- 



(3.42) 
(3.43) 

(3.44) 
(3.45) 



Proof. Suppose for contradiction that (|3.45p does not hold. Then there exists a sequence {xj}'^!^ C 
M" such that 



< 4|xj+i| < \xj\ < 1/2 



and 



Define r,- > by 



Then 



log 



-^^ = log lo, 



limmt Xj i-^u(xjj > U. 






j— >oo 






1 -("-2)A 

log — = \Xj\ 1-^ . 






1 -(n-2)A 

Og 1 j - \Xj\ 1 A 
|Xjt 


1- 


1.1 


(n-2)A 1 

1-^ log^ 

T ■ 



(3.46) 
(3.47) 



'j 'j 

-(n-2)A 

= \xj\ 1-^ (1 + o(l)) as j — > oo. 



(3.48) 



So, by taking a subsequence of j if necessary, we can assume rj < Ixj[/4. 

(n-2)A 1 I 

Let /j be as in Lemma \T3[ Multiplying (j2.18p by \xj\ i-^ log -^ and using (j3.48p we get for 
1^1 < 1 that 



("-2) 



I i-^n(xj + rj^) < Ej + \xj\ 1-^ / ^ log 



|r?|<2 



l?-^l/ \Xj 



\n-2 



dr] 



(3.49) 



where the constant A depends only on m and n, the constants Ej are independent of ^, and Ej ^- 
as j -^ oo. Substituting ^ = in ()3.49p and using (|3.46p and (|2.16p we get 



liminf|xj|T^ / (logo) \j\n~2 ^^>^- 



J-^-OO 



|r,|<l 



mj \xj 



(3.50) 



By (I2T5]1 . (I3:42]l . ([339]), and dOi]) we have 



/.(O 



Pjl r- 



< e ^ 



%«)^+M' 



for ICI < 1 



(3.51) 
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where 



"AO 



AOo,J-)JM.,r, 



\^-v\J \xj\ 

\V\<2 

and the positive constants Mj satisfy 

n-2 

Mjixjl 1-^ — ;■ and Mj — ;■ oo as j ^- oo. 
Let Qj = {C G -Bi(O) : Uj{^) > Mj}. Then for ^ € % it foUows from (IH3T]1 that 



n—2rn\2 



< (A^jii? 



\Xj\ r- 



< 



exp 



t.^ ilo^ ^^]Mdr, 



hl<2 



'V "l^-rilJ Lf: 



IB2 JJ 



where 



By dUSD, 



bj=A^/^A\xj\-^''-'^^nia.^i 



/i'Fil ^ 



\B2 



hj\xj\^ — )• and hj — > 00 as j — > 00. 



(3.52) 



(3.53) 



(3.54) 

Hence by (|3.53p . Jensen's inequahty, and the fact that exp(t^) is concave up for t large we have for 
i G VLj that 

l'?l<2 ^ ^ 

and consequently 



|^^.|n-2j,n)2 



d^ < 



exp I 6) ( log -^V 1 d^ 1 ^^ '^^ 



|r?|<2 \\(,\<1 

max 



l^-^l/ / IbJj 



< max / exp ( 6^ ( log 



de 



ICKi 



= II + /2 



exp I 6,^ ( log li ) 1 dC 



(3.55) 



where 



exp(6^(log^)^) dC and /; 



I exp(6^^(log||)^) dC 



log^<(6^^A)i- 



log^>(6^^A)i- 
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Clearly 



1 ^ ^^ry^ I /k JU^ \\ TTTT \A\ ^^r-^ I /h . W TTTT 1 ^ ^^r^ I h^-^ 



\Bi{0)\ 



1 ^ \ / A 



< exp ( (bjibjX)^^)^ ) = exp UbjX)^^ ) < exp ( b. 



\ 



and using Jensen's inequality and the fact that e j ^ °^ ' is concave down as a function of t for 



1 



logt > (6^A)i-A one can show that 

h < exp (cbf 

where C depends only on n. Therefore by p.55p and (I3.47p . 



2 



A 



^) dC<exp(-2n|x,|"^?^)exp(C6j- 



A -(n-2)A ' 

exp ( Cbl'^ - 2n\xj\ i-^ ) ~^ as j -> oo 



by (j3.54p . Thus by Holder's inequality 






Hence defining Qj : i?i(0) — > [0, oo) by 



fjiO forCei?i\%, 



for^eilj, 

it follows from (l330]l and (1332)1 that 

iW^ / (^°Sn/^^'^''^'^^^°° ^^ J^oo. (3.56) 

By (|2T6]1 . we have 



^ l»?l<i 



/ gj{r]) dr] ^)- as j — )• oo (3.57) 

l'7l<l 

and by (I3.5ip we have 

gj{0<e^^'^' in i?i(0). (3.58) 

For fixed j, think of gj{r]) as the density of a distribution of mass in Bi satisfying (I3.56p . p.57p . 
and ()3.58p . By moving small pieces of this mass nearer to the origin in such a way that the new 
density (which we again denote by gj{r])) does not violate (|3.58p . we will not change the total mass 
Ib 9j(''l) ^^ ^^* Ib (^°S^/I'?!)5'i(^) ^^ ^^^^ increase. Thus for some pj G (0, 1) the functions 

e i for 7? < Pj, 
U tor Pj < Ir^l < 1 

satisfy (j3.56p . (j3.57p . and (|3.58p . which, as elementary and explicit calculations show, is impossible 
because Mj ^ cx) as j — > oo. This contradiction proves Theorem 13.31 D 
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Proof of Theorem\rM Define iIj: (0, 1) -^ (0, 1) by 

^(r) = max < ^{r)~ 



-A n-2 

2 ,r 2 



}■ 



Since V'(^) > r 2 there exists a sequence {xjj^f^j^ C M*^ satisfying ()2.25p and (|2.26p such that if 
we define the sequence {tj}^^ C (0,oo) by 



log- 



1 ( M{\x,\) 
2n \ |a;j|"-2 



(3.59) 



where A = A{m,n) is as in Lemma 12.41 then rj will satisfy (I2.27P and 

1 



log' 



„ .\2n-2 



< log- 



Thus 



log^^ + nlogM 



< 



2n log J^ 






log^ 



1-A 



2n \^ |xj|"-2 



1. 



(3.60) 



Let u be as in Lemma |2.4[ Then by (j3.60p and Case 2 of Remark 12. H n is a C°° positive solution 
of (fr22|) and by Lemma [231 and (J339]l we have 



u{xj) > 



Ai;{\x,\) 



\n-2 



1 ( Ajjjlx.l) 
2n V |xj|"-2 



fAM\xj\)_\— 1 
V 2n 



x,-|i-A 



> 



A \ 1-^ 
2n 



n-2 



which implies ()1.23p . 



D 



Proof of Theorem \l.ll\ Define ifj: (0, 1) -^ (0, 1) by tpir) = r 2 . Choose a sequence {xj}'?^^ C M" 
satisfying (|2:25D . (H^S]), and 

^^(l-.l)..,. (3.61) 



|n-2 



> n + 1 



where A = A{m,n) is as in Lemma l2.4i Choose a sequence {rj}^^ C M satisfying ()2.27p . 

1 



log 



|2n-2 



< log- 



and 



(n + l)log^ >ip{\xj\ 



(3.62) 
(3.63) 



'3 
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Then by (13:62]) and IKEl} we have 

log^i^^+nlog^-^<{n+l)log^-^<({n+l)log\^]\(^^^^ (3.64) 

\Xj\ rj rj \ ^i / V Fjl ''"j / 

Let u be as in Lemma 12.41 Then by (I3.64p and Case 2 of Remark 12.11 u is a C°° positive solution 
of (fTMll and by Lemma [131 (fMI]) and (l3:63D we have 

u{xj) > ip{Xj)'^ 

which imphes ()1.25p . D 

4 Proofs when the singularity is at infinity 

In this section we prove Theorems II. 14lTl. 171 which deal with the case that the singularity is at 
infinity. 

By scaling and translating v in Theorems I1.14t ll.lSt and I1.16| we see that Theorems 14. H 14. 2| 
and 14.31 below imply Theorems II. 14|[1.15| and II . 161 respectively. 

Theorem 4.1. Let v{y) he a (7^™ nonnegative solution of 

< -A'^v < {v + gy in M"\5i/2(0) (4.1) 

where m > 2 and n > 2 are integers, m is odd, 2m < n, 

< 0- < 



n — 2m' 
and g: W^\Bi/2{0) — > [l,oo) is a continuous function satisfying 

g{y) = Oilvl') as \y\^oo (4.2) 

where b is given by (ll.32p . Then 

v{y) = 0{\yf') as |y| ^ oo. 

Proof. Let A be the unique solution of -E = o where 

n + 2?7i — a{n — 2m) 

E 

and 

a:=n-2 + {n-2m) '''" ~ ^' ~,'S"'Z!l ~ ^' = ^ ^'7/! ~ oi^ • (4-3) 

Then cr < A < ,^^2m ^'"■'^ ^^'^^ 

(4.4) 



X-a 








X{n - 2) - (2m + n - 


-2) 


Am{m - 
n — \{n - 


-1) 


n — \{n — 2m) 




-2m) 


A ^ 
p:= - > I. 

a 









Also 



2m + n-2 8m(m - 1)(1 + cr(m - 1)) 2m + n - 2 

n — 2 (n — 2){Am{m — 1) + (n — 2m,){n + 2m — a{n — 2m))) n — 2 

n + 2m + ba 

a = E = (4.5) 

A 
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and 



b = a — {n — 2m). 
Let u{x) be defined by (fOHD . Then by ^!T?M and (gl]) we have 



(4.6) 



< -|2;|"+^"A™'u(x) < |x|"-^™n(x) +5 



X 



and thus letting q be conjugate Holder exponent of p and using (|4.2p . ()4.4p . and (|4.5p we obtain 



< -A™u(2;) < I ( ^ 



n-\~2m — a{n — 2m) n-\-2m 

u{x) +(77) 5 ( r-Fo 

V X / V xr 



< ^(x)^ + 



g ( n + 2 m — a ( n — 2 m. ) ) 



+ 



n + 2m + bcr ' 



< 



n+2m — cr(n — 2m) / n + 2m + bq- •■ 

X / \ V X 



= [u(x) + 0([xr'^)]^ in 52(0)\{0}. 
Thus by (j4.3p and Remark 13.11 after Theorem 13.11 we have 

u{x) = 0{\x\~°-) as X -> 0. 
Hence 

^(y) = |x|"-2™^(2;) = 0(|x|"-2™-'^) = 0([y|'^-("-2™)) 

= 0{\y\ ) as |y[ — ;► 00 
by (fO]l . 
Theorem 4.2. Lei f (y) 6e a C^™ nonnegative solution of 

< -A'^t; < (-y + g(y))'" in M"\Si/2(0) 

where m>2 and n > 2 are integers, m is odd, 2m = n, a > 0, and g: W^\Bi/2{0) 
continuous function satisfying 

_9 1 I ^^ 

5(y) = o(|yr (log5|y|) -("-2)) as [y| ^ 00. 
Then 

in-2 



Proof. Let 



^^(y) = o(|yr log5|y|) as |y| ^ cx). 



2n , A 2n 

A = - + cr and p = - = 1 + -— . 

n — 2 a (n — 2)a 



D 

(4.7) 
[1, 00) is a 

(4.8) 

(4.9) 
(4.10) 
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Then 

2n , 2n n — 2 , ^ 

=n-2 and -— ^ = n - 2. (4.11) 

X — a X p 

Let u{x) be defined by (fOH]) . Then by ([iZD and (fOOl) we have 

< -|x|2"A™tx(x) < (u{x)+g(-^' 
and thus letting q be the conjugate Holder exponent of p and using (14. Sp . (I4.10p and ()4.1ip we get 

< -A"„(.) < ((p) " «(-) + o ((^) """"' (log ^^'^ 

^ ("<-)' + (r) ^"(vn) ('°^h 

2ri _|_ n — 2 



< (n(x)+(^) ""'^ +o( f^y^ ' (log^ 



= ln(x) + oN — 1 Mog— 111 in i?2(0)\{0}. 

Thus by Theorem 13.21 we have 

n(x) = o ( br^""^) log-— - ) as x -> 
V \x\J 

and hence (14. 9p holds. D 

Theorem 4.3. Let v{y) he a C^'" nonnegative solution of 

< -A™i; < e'^^+s^ m M"\5i/2(0) (4.12) 

where m > 2 and n > 2 are integers, m is odd, 2m = n, < X < 1, and g: M"\i?i/2(0) -^ [1, oo) is 
a continuous function satisfying 

n-2 

9{y) = o{\y\^->^) as \y\ ^ oo. (4.13) 

Then 

n — '2 

^(y) = o(|y| 1-^) as [y| — > CX3. (4-14) 

Proof Let u{x) be defined by (fL28]) . Then by (HT2]) and (fL29]) we have 



< -|xp"A'"n(x) < exp ( u{x)^ + 9 { A2 



x\ 



and thus by KT3\i . 



A(n-2) 

0< -A™u(x) <exp ( u(x)^ + o( ( ^J J '"^ I in S2(0)\{0}. 
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Hence Theorem 13.31 implies 

(n-2) 

u{x) = o{\x\ ^-^ ) as X ^ 
and so (jiJlj) holds. D 

Proof of Theorem \1.17\ By using the jTi-Kelvin transform ()1.28p . we see that to prove Theorem 1 1.171 
it suffices to prove that there exists a C°° positive solution u{x) of 

< -A"u < l^r^^ in M"\{0}, (4.15) 

where 

r = A(n — 2m) — n — 2m 

such that 

n(x)/0(99(|xri)|x|-(^+"-2™)) as x ^ 0. (4.16) 

Define V: (0,1) ^ (0,1) by 

ipir-y^r"" A I (4.17) 

where 

X(m - 1) + 1 , n- X(n- 2m) 

a := — and p := . 

n — X{n — 2m) 2n 

By (jl.33p . a and p are positive. Also 

\(2m -2) -2m + 2-T , , , , , , 

l + 2a = — f- ^ and b = 2m - 2 + {n - 2m)2a. (4.18) 

n — X{n — 2m,) 

Let {xj}f^^ C M" be a sequence satisfying (l2:25]l and (12:26]) . Define tj > by 

where A = A{m,,n) is as in Lemma 12.41 Then tj satisfies (I2.37P and by (I4.17P and ()4.18p . 

rj = C(m,n,A) ' ^ ' ^ (4.19) 

^(|3;j|)"-^("-2™) 

<C7(m,n,A)|xjf+'^. 

Thus by taking a subsequence of j, r-,- will satisfy (j2.27p . Let u be as in Lemma [2. 41 Then by Case I 
of Remark EH u is a C~ positive solution of (liT5]) and by (fOOl) . (HTTl) . (|i38D . and (|il9]l we 
have 

A(n — 2m.) 

C{m,n, X)ip{\xj\) V'(|xj|)"-^("-2'") 

^^^■?'-' - U.|2m-2 U.|(l+2a)(n-2m) 

n 

C(m, n, A)V'(|xj I) "-^("-2m) 

~ I2; .|(n-2m,)+(2m-2)+(7i-2m,)2a 
\Xj\ 

which implies (I4.16p . D 
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